Corrugation of relativistic magnetized shock waves by Lemoine, M. et al.
Draft version September 4, 2018
Preprint typeset using LATEX style AASTeX6 v. 1.0
CORRUGATION OF RELATIVISTIC MAGNETIZED SHOCK WAVES
Martin Lemoine and Oscar Ramos
Institut d’Astrophysique de Paris,
UMR 7095-CNRS, Universite´ Pierre et Marie Curie,
98bis boulevard Arago, F-75014 Paris, France
Laurent Gremillet
CEA, DAM, DIF
F-91297 Arpajon cedex, France
ABSTRACT
As a shock front interacts with turbulence, it develops corrugation which induces outgoing wave
modes in the downstream plasma. For a fast shock wave, the incoming wave modes can either be
fast magnetosonic waves originating from downstream, outrunning the shock, or eigenmodes of the
upstream plasma drifting through the shock. Using linear perturbation theory in relativistic MHD,
this paper provides a general analysis of the corrugation of relativistic magnetized fast shock waves
resulting from their interaction with small amplitude disturbances. Transfer functions characterizing
the linear response for each of the outgoing modes are calculated as a function of the magnetization of
the upstream medium and as a function of the nature of the incoming wave. Interestingly, if the latter
is an eigenmode of the upstream plasma, we find that there exists a resonance at which the (linear)
response of the shock becomes large or even diverges. This result may have profound consequences
on the phenomenology of astrophysical relativistic magnetized shock waves.
Keywords: shock waves – turbulence – relativistic outflows
1. INTRODUCTION
The physics of relativistic shock waves, in which the
unshocked plasma enters the shock front with a relative
relativistic velocity vsh ∼ c, is a topic which has re-
ceived increased attention since the discovery of various
astrophysical sources endowed with relativistic outflows,
such as radio-galaxies, micro-quasars, pulsar wind nebu-
lae or gamma-ray bursts. In those objects, the relativis-
tic shock waves are believed to play a crucial role in the
dissipation of plasma bulk energy into non-thermal par-
ticle energy, which is then channeled into non-thermal
electromagnetic radiation (or possibly, high energy neu-
trinos and cosmic rays). The various manifestations of
these high energy sources have been a key motivation to
understand the physics of collisionless shock waves and
of the ensuing particle acceleration processes (e.g. Bykov
& Treumann 2011; Bykov et al. 2012; Sironi et al. 2015)
for reviews. The nature of the turbulence excited in the
vicinity of these collisionless shocks remains a nagging
open question, which is however central to all the above
topics, since it directly governs the physics of accelera-
tion and, possibly, radiation.
The physics of shock waves in the collisionless regime
has itself been a long-standing problem in plasma
physics, going back to the pioneering studies of Moiseev
& Sagdeev (1963), with intense renewed interest related
to the possibility of reproducing such shocks in labora-
tory astrophysics (e.g. Kuramitsu et al. 2011; Drake &
Gregori 2012; Park et al. 2012; Huntington et al. 2015;
Park et al. 2015). The generation of relativistic colli-
sionless shock waves is also already envisaged with fu-
ture generations of lasers (e.g. Chen et al. 2015; Lobet
et al. 2015).
One topic of general interest, with direct application
to the above fields, is the stability of shock waves. The
study of the corrugation instability of a shock wave goes
back to the early works of D’Iakov (1958) and Kon-
torovich (1958), see also Bykov (1982), Landau & Lif-
shitz (1987) or more recently Bates & Montgomery
(2000). General theorems assuming polytropic equa-
tions of state ensure the stability of shock waves against
corrugation, in the relativistic (Anile & Russo 1986)
and/or magnetized regime (Gardner & Kruskal 1964;
Lessen & Deshpande 1967; McKenzie & Westphal 1970),
although instability may exist in other regimes (e.g.
Tsintsadze et al. 1997). In any case, the stability against
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2corrugation does not preclude the possibility of sponta-
neous emission of waves by the shock front, as discussed
in the above references.
The interaction of the shock front with disturbances
thus represents a topic of prime interest, as it may
lead to the corrugation of the shock front and to the
generation of turbulence behind the shock, with possi-
bly large amplification. The transmission of upstream
Alfve´n waves through a sub-relativistic shock front has
been addressed, in particular, by Achterberg & Bland-
ford (1986); more recently, Lyutikov et al. (2012) has
reported on numerical MHD simulations of the inter-
action of a fast magnetosonic wave impinging on the
downstream side of a relativistic shock front.
The present paper proposes a general investigation of
the corrugation of relativistic magnetized collisionless
shock waves induced by either upstream or downstream
small amplitude perturbations. This study is carried
out analytically for a planar shock front in linearized
relativistic MHD. This problem is addressed as follows.
Section 2 provides some notations as well as the shock
crossing conditions to the first order in perturbations,
which relate the amplitude of shock corrugation to the
amplitude of incoming and outgoing MHD perturbations
of the flow. Section 3 is devoted to the interaction of
a fast magnetosonic wave originating from downstream
and to its scattering off the shock front, with resulting
outgoing waves and shock corrugation. Section 4 dis-
cusses the transmission of upstream entropy and Alfve´n
perturbations into downstream turbulence. It reveals,
in particular, that there exist resonant wavenumbers of
the turbulence for which the amplification of the incom-
ing wave, and consequently the amplitude of the shock
crossing, becomes formally infinite. This resonant ex-
citation of the shock front by incoming upstream tur-
bulence may have profound implications for our under-
standing of astrophysical shock waves and the associated
acceleration processes.
2. GENERAL CONSIDERATIONS
We assume here a configuration in the rest frame of
the downstream (shocked) plasma in which the magnetic
field is exactly perpendicular to the shock normal, and
in which the upstream is inflowing into the shock along
the shock normal. The former assumption is a very good
approximation at relativistic shock waves (Begelman &
Kirk 1990) because of Lorentz boost effects, which en-
hance the in-plane components of the magnetic field by
the relative Lorentz factor between the upstream and the
downstream plasma, notwithstanding the further com-
pression resulting from the jump at the shock. The lat-
ter is an assumption which allows to keep the problem
tractable; shock crossing at an oblique shock can be ob-
tained analytically but at the price of an implicit equa-
tion (Majorana & Anile 1987; Kirk & Duffy 1999), which
renders a further perturbative treatment quite complex.
2.1. Steady planar normal shock
Although the equations of shock crossing and their
solutions are known for a steady planar normal shock,
it is useful to recall them in order to specify the present
notations. At a shock surface defined by its normal four-
vector `µ, these shock crossing conditions are expressed
as:
[nuµ `µ] = 0,
[Tµν `µ] = 0,
[?Fµν `µ] = 0, (1)
with, in the ideal MHD description:
Tµν =
(
w +
bαb
α
4pi
)
uµuν +
(
p+
bαb
α
8pi
)
ηµν − b
µbν
4pi
,
?Fµν =
1
2
µναβFαβ , (2)
and the following definitions: Fµν denotes the usual
electromagnetic strength tensor, the metric ηµν has sig-
nature (−,+,+,+), µναβ denotes the Levi-Civita ten-
sor (+1 for an even permutation of the indices), while
w ≡ e + p represents the fluid enthalpy, and e, p, n re-
spectively correspond to the fluid energy density, pres-
sure and density; finally, uµ = (γ,u) represents the
fluid four-velocity (we use natural units with c = 1 ev-
erywhere in this paper) and bµ the magnetic four-vector:
bµ =
[
uiBi,
(
B + uiBi u
)
/u0
]
(3)
written in terms of the (apparent) magnetic field vector
B. Finally, in the MHD description, one has:
?Fµν = uµbν − uνbµ (4)
The shock crossing conditions are then most conve-
niently expressed in the downstream rest frame, in which
the shock surface is described by
Φ(x) = x− βft = 0 (5)
with corresponding shock normal:
`µ =
∂µΦ∣∣∂αΦ∂αΦ∣∣1/2
=
(−γfβf , γf , 0, 0) (6)
where γf ≡
(
1− β2f
)−1/2
denotes the bulk Lorentz fac-
tor of the shock front relative to downstream.
Henceforth, downstream quantities are indexed with 2
while upstream quantities are indexed with 1; the nota-
tion b1,2 ≡ B1,2/γ1,2 is also used in the equations below.
In the downstream frame, one has uµ2 = (1, 0, 0, 0) and
3uµ1 = (γ1, γ1β1, 0, 0). We also use the short-hand nota-
tions for the generalized enthalpy and pressure:
W ≡ w + bαb
α
4pi
, P ≡ p+ bαb
α
8pi
, (7)
Figure 1 shows a sketch of the planar shock configura-
tion, emphasizing the notions of the shock velocity (βf)
and of the upstream plasma (β1), both expressed rela-
tive to the downstream frame.
Figure 1. Sketch of the shock configuration: in the down-
stream plasma rest frame, the shock front moves at velocity
βf > 0 while the upstream (unshocked) plasma is inflow-
ing at velocity β1 ' −1. As indicated, the magnetic field
carried by the inflowing upstream plasma lies along z.
Given Eq. (6), the shock crossing equations (1) break
down to:
n1γ1
(
β1 − βf
)
= −n2βf (8)
b1γ1
(
β1 − βf
)
= −b2βf (9)
W1γ
2
1
(
β1 − βf
)
+ βfP1 = −βf (W2 − P2) (10)
W1γ
2
1β1
(
β1 − βf
)
+ P1 = P2 (11)
These equations are easily solved in the strong shock
(P1  P2) and relativistic limit (γ1  1). Defining
the magnetization parameter:
σ1 ≡ b
2
1
4piw1
, (12)
so that W1 = b
2
1
(
1 + σ−11
)
, assuming a cold incoming
plasma w1 = n1m, one finds
βf '
2σ1 + 1 + [1 + 16σ1 (1 + σ1)]
1/2
6(1 + σ1)
(13)
up to corrections of order 1/γ21 . This solution matches
the standard result of Kennel & Coroniti (1984), al-
though it is given here in a simpler form. It can be
approximated as:
βf '

1
3
+
4σ1
3
(σ1  1)
1− 1
2σ1
(σ1  1)
(14)
Once βf is known, the shock crossing conditions imme-
diately give n2 and b2 as a function of n1 and b1 respec-
tively. One also derives
b22
4piw1
' 1
βf
(1 + σ1) γ
2
1
(
β1 − βf
) (
3β1βf + 1
)
, (15)
w2
w1
' − 2
βf
(1 + σ1) γ
2
1
(
β1 − βf
) (
β1βf + 1
)
(16)
so that, for instance,
σ2 =
b22
4piw2
'
3σ1 (σ1  1)2σ1 (σ1  1) (17)
2.2. Shock corrugation
We now consider the influence of perturbations in the
background flow on the shock. As the perturbations
impinge on the shock, they induce a deformation of the
shock surface, which can be written up to first order in
the perturbations as:
Φ(x) = Φ(x, t) + δΦ (x⊥, t)
= x− βft− δX (x⊥, t) (18)
with x⊥ ≡ (y, z). Corrrespondingly, the normal of the
perturbed shock surface is written to first order in the
perturbations as:
`µ = `µ + δ`µ (19)
with
δ`µ = − ∂µδX∣∣∂αΦ∂αΦ∣∣1/2 +
∂µΦ ∂βδX∂
βΦ∣∣∂αΦ∂αΦ∣∣3/2 (20)
For the purpose of this Section, consider a harmonic
perturbation on a single scale k⊥:
δX (x⊥, t) = δXk⊥(t) e
ik⊥·x⊥ (21)
with a similar decomposition for all other variables. One
then obtains:
δ`k⊥,µ =
(
−γ3f δVk⊥ , γ3f βf δVk⊥ , −iky γfδXk⊥ ,
−ikz γfδXk⊥
)
(22)
with
δVk⊥ ≡
d
dt
δXk⊥ (23)
The deformation of the shock surface then implies the
existence of fluctuations of the various quantities of the
4downstream plasma at the shock. These quantities are
formally obtained by the solution to the shock crossing
conditions at the first order in the perturbations:
[`µ δ (nu
µ) + δ`µnu
µ] = 0 (24)
[`µδT
µν + δ`µT
µν ] = 0 (25)
[`µ δ
?Fµν + δ`µ
?Fµν ] = 0 (26)
For harmonic perturbations on the shock front plane in transverse Fourier space, the above equations can be written
as follows:
n2δβ2x,k⊥ − βfδn2,k⊥ + γ2f
[
γ1n1
(
1− β1βf
)− n2] δVk⊥ = R1
−βfδn2,k⊥ − βf
B2
4pi
δB2z,k⊥ +
βf
1− γˆ2 δp2,k⊥ +W2δβ2x,k⊥ + γ
2
f
[
γ21W1
(
1− β1βf
)−W2 + P2 − P1] δVk⊥ = R2
δp2,k⊥ +
B2
4pi
δB2z,k⊥ −W2βfδβ2x,k⊥ + γ2f
[
γ21W1β1
(
1− β1βf
)
+ βf (P2 − P1)
]
δVk⊥ = R3
−W2βfδβ2y,k⊥ − iky (P2 − P1) δXk⊥ = R4
−w2βfδβ2z,k⊥ −
B2
4pi
δB2x,k⊥ + ikz
[
B22
4pi
− B
2
1
4piγ21
− (P2 − P1)
]
δXk⊥ = R5
−δB2x,k⊥ + ikz (B2 −B1) δXk⊥ = R6
−βfδB2x,k⊥ − ikzβ1B1δXk⊥ = R7
−βfδB2y,k⊥ = R8
B2δβ2x,k⊥ − βfδB2z,k⊥ − γ2f
[
B2 −B1
(
1− β1βf
)]
δVk⊥ = R9
(27)
where the quantities Ri are expressed in terms of perturbations of the upstream plasma; they thus all vanish if the
upstream plasma is unperturbed and the shock is corrugated by downstream magnetosonic waves, as discussed in
Sec. 3.
One finds:
R1 = (β1 − βf)γ1δn1,k⊥ + γ31n1
(
1− β1βf
)
δβ1x,k⊥
R2 = γ
2
1
(
β1 − βf
)
δn1,k⊥ +
B1
4pi
[
β1
(
1− β1βf
)
+ β1 − βf
]
δB1z,k⊥ +W1γ
4
1
[
1− β1βf + β1
(
β1 − βf
)]
δβ1x,k⊥ −
B21
4pi
β1
[
βf + 2
(
β1 − βf
)
γ21
]
δβ1x,k⊥
R3 = γ
2
1β1
(
β1 − βf
)
δn1,k⊥ +
B1
4piγ21
[
1 + 2β1
(
β1 − βf
)
γ21
]
δB1z,k⊥ + γ
4
1W1
[
β1 − βf + β1
(
1− β1βf
)]
δβ1x,k⊥ −
B21
4pi
β1
[
1 + 2β1
(
β1 − βf
)
γ21
]
δβ1x,k⊥
R4 = W1γ
2
1
(
β1 − βf
)
δβ1y,k⊥
R5 = − B1
4piγ21
[
1 + β1
(
β1 − βf
)
γ21
]
δB1x,k⊥ + w1γ
2
1
(
β1 − βf
)
δβ1z,k⊥
R6 = −δB1x,k⊥
R7 = −βfδB1x,k⊥
R8 =
(
β1 − βf
)
δB1y,k⊥
R9 =
(
β1 − βf
)
δB1z,k⊥ +B1δβ1x,k⊥ (28)
Note that the above equations are valid to first order
in the perturbations, but they apply equally well for
relativistic and non-relativistic shocks, as for magnetized
and unmagnetized plasmas.
5These equations can be simplified through the use of
the unperturbed shock crossing conditions. In particu-
lar, one easily notices that in the system Eq. (27), the
sixth and seventh equations are redundant, hence this
system contains only eight independent equations. Nev-
ertheless, this suffices to determine the eight perturba-
tions of the MHD fluid in terms of the quantities deter-
mining the degree of corrugation, i.e. δXk⊥ and δVk⊥ .
In this sense, the problem is well-posed.
The above equations can be solved in a rather straight-
forward way for the downstream perturbations as a func-
tion of δXk⊥ , δVk⊥ and the upstream perturbations.
In Sec. 3 and 4, we solve a slightly different problem,
by decomposing the downstream perturbations over the
Riemann invariants of the linearized MHD equations; as
shown in these Sections, one can then solve the above
equations for the outgoing wave modes and δXk⊥ , as-
suming harmonic time dependence of δXk⊥ . In the fol-
lowing Sec. 2.3, we point out the existence of a par-
ticular non-perturbative solution to the shock crossing
equations, which is valid to all orders of perturbations,
in a 2D configuration (kz → 0). Such a solution may
be particularly useful to set the initial data of a numer-
ical simulation of the evolution of the downstream at a
non-linearly corrugated shock wave.
2.3. Non-linear corrugation in the 2D limit kz = 0
The previous section dealt with corrugation at first or-
der in the perturbations, thus assuming a linear regime,
in which |δ`|  1, or equivalently γ2f |δVk⊥/c|  1 and
γf |k⊥δXk⊥ |  1. One can actually obtain a solution at
the non-perturbative level in the particular case where
the shock remains smooth along the background mag-
netic field (which is assumed to be aligned along the z
direction). Since the present analysis does not make any
perturbative expansion or any Fourier decomposition, it
remains valid if the upstream quantities contain spa-
tial modulations transverse to the background magnetic
field.
In contrast with the analyses of subsequent Sections,
the present analysis solves the shock crossing equations
for the various fluid quantities as a function of the shock
normal, whose time and spatial evolution dictate the
amplitude of shock corrugation; however, it does not
specify how the latter is controlled by the past history
of all perturbations advected through the shock.
One then writes the flow four-velocity downstream
uµ2 = (γ2, γ2β2,x, γ2β2,y, γ2β2,z) and makes no par-
ticular assumption as to the magnitude of γ2. The
magnetic field in the downstream plasma is written
B = (B2,x, B2,y, B2,z). Upstream quantities remain
unchanged. The crucial quantity is the shock normal,
which we write, in all generality, in the form:
`µ = (−γ`β`,t, γ`,−γ`β`,y, 0) (29)
Of course, to preserve the space-like nature of the shock
normal, this four-vector must satisfy:
|β`,t| <
√
1 + β2`,y (30)
The linear regime can be recovered through the substi-
tution
γ` → γf
(
1 + γ2f βfδVk⊥
)
(31)
γ`β`,t → γf
(
βf + γ
2
f δVk⊥
)
(32)
γ`β`,y → ikyγfδXk⊥ (33)
This shock normal allows to describe a shock surface
arbitrarily rippled in the y−direction, with an arbitrary
time behavior. It is assumed of course that the scales
over which these deformations take place remain much
larger than the thickness of the shock, so that the shock
crossing conditions can be applied at every point of the
shock surface.
These shock crossing conditions then imply for the magnetic field components:
B2,x = 0 (34)
B2,y = 0 (35)
B2,z = B1
β1 − β`,t
β2,x − β`,t − β2,yβ`,y (36)
Regarding the velocity components, one finds a consistency condition for β2,z, while β2,y is written in terms of β2,x:
β2,z = 0 (37)
β2,y =
(β1 − β2,x)β`,y
1− β1β`,t (38)
6Finally, one can obtain equations for W2 and P2:
W2 = W1γ
2
1
(β1 − β`,t)(1− β1β`,t)2
γ22(1− β2,xβ`,t)
[
(β2,x − β`,t)(1− β1β`,t)− (β1 − β2,x)β2`,y
] (39)
P2 = W1γ
2
1
(β1 − β2,x)(β1 − β`,t)
1− β2,xβ`,t (40)
These two equations neglect terms of order P1 compared to W1γ
2
1 , which corresponds to the usual strong shock
assumption. They can be combined with an equation of state γˆ2 = 4/3, with Eq. (36) and the ultra-relativistic limit
β1 ' −1 to derive a single equation for β2,x, which can be solved analytically:
3
1 + σ1
1− β2,xβ`,t +
(1 + σ1) (1 + β`,t)
(1 + β`,t) (β2,x − β`,t) + (1 + β2,x)β2`,y
− σ1 (1 + β`,t)
(1 + β`,t)
2
(1− β2,x)− (1 + β2,x)β2`,y[
(1 + β`,t) (β2,x − β`,t) + (1 + β2,x)β2`,y
]2 = 0
(41)
The root which matches the correct solution in the uncorrugated limit is:
β2,x =
Aβ2,x
Bβ2,x
(42)
with
Aβ2,x = 1− 4β`,t − 10β2`,t − 4β3`,t + β4`,t + 7β2`,y − 7β2`,tβ2`,y + 6β4`,y + 2σ1 − 4β2`,tσ1 + 2β4`,tσ1 + 8β2`,yσ1 −
8β2`,tβ
2
`,yσ1 + 6β
4
`,yσ1 − (1 + β`,t)2(−1 + β2`,t − β2`,y)
√
1 + 16σ1(1 + σ1)
Bβ2,x = 2
{
β4`,tσ1 − 3(1 + β2`,y)2(1 + σ1) + β3`,t(1 + 4σ1)− β`,t(1 + β2`,y)(5 + 4σ1) + β2`,t
[−1 + β2`,y + 2(1 + β2`,y)σ1]}
(43)
Note indeed that in the limit β`,t → 0, β`,y → 0 and γ` → 1, one recovers the unperturbed shock front in the shock
front frame with, accordingly, β2,x → −βf .
3. SCATTERING OF DOWNSTREAM
MAGNETOSONIC MODES
By definition, a fast magnetosonic shock, as that in
which we are interested, propagates relatively to the
upstream plasma at a velocity larger than the largest
velocity of plasma fluctuations of the upstream plasma
βFM|1. Relative to the downstream plasma, however
βA|2 < βf < βFM|2 (44)
where βFM|2 =
(
β2A|2 + c
2
s|2 − β2A|2c2s|2
)1/2
represents
the group velocity of fast magnetosonic waves propa-
gating along the shock normal; cs denotes the sound
velocity and βA the (relativistic) Alfve´n 3−velocity, see
App. A. This implies that the far downstream plasma
is in causal contact with the shock front through the
exchange of fast magnetosonic waves only; conversely,
all waves emitted by the shock front impact the down-
stream, of course.
For completeness, we show in Fig. 2 the four-velocities
of the shock front uf ≡ γfβf and of the fastest mag-
netosonic mode uFM ≡ βFM/
(
1− β2FM
)1/2
as a func-
tion of the magnetization of the upstream plasma, in
the ultra-relativistic limit γ1  1.
For a generic wave vector k (downstream frame), the
uf
uFM
10-3 10-2 10-1 100 101
10-1
100
101
Σ1
u
FM
,
u
f
Figure 2. The four-velocities of the shock front uf ≡
γfβf and of the fastest magnetosonic mode uFM ≡
βFM/
(
1− β2FM
)1/2
of the downstream plasma as a function
of σ1, in the ultra-relativistic limit.
group velocity of downstream fast magnetosonic waves
is βg,FM|2 ≡ dωFM|2/dk. At given values of (ky, kz),
there thus exists a critical value of kx,c above which the
x− component βg,FM|2,x > βf . This value is shown in
Fig. 3 for various values of the magnetization, as a func-
tion of kz, assuming ky = 0; for ky 6= 0, the minimum
value of kx is typically raised by ∼ ky with respect to
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Figure 3. The minimum value of kx as a function of kz such
that the downstream fast magnetosonic mode outruns the
shock, for various values of σ1, in the ultra-relativistic limit
γ1  1, assuming ky = 0.
those shown in Fig. 3. As this figure shows, kx,c becomes
large at large values of σ1, because the shock velocity βf
becomes itself large; correspondingly, a smaller fraction
of the phase space of turbulence is in contact with the
shock at larger values of σ1.
Provided βg,FM|2,x > βf , downstream fast magne-
tosonic waves thus lead to the corrugation of the shock
front. In order to obtain an analytical description of
the downstream turbulence in the shock vicinity, one
can then solve the problem as follows: given one in-
coming fast magnetosonic wave outrunning the shock,
represented by a particular combination of the MHD
perturbations of the downstream, we determine the out-
going waves, namely one fast magnetosonic wave, two
Alfve´n waves, two slow magnetosonic waves and one
entropy wave, as well as the shock corrugation δXk⊥
(as discussed below, an assumption of stationarity then
fixes δVk⊥ = −i ωfδXk⊥). In the present discussion,
the upstream is assumed unperturbed, so all terms Ri,
i = 1 . . . 9, vanish in Eqs. (27).
In order to solve the system, we first need to spec-
ify the wave characteristics. In a stationary regime, the
shock front reacts harmonically to the excitation by an
incoming fast magnetosonic wave with a frequency (de-
fined in the downstream rest frame):
ωf = ω< − βfkx,< (45)
in terms of ω<, the frequency of the incoming fast
magnetosonic wave and kx,< its x wavenumber. Con-
sequently, δVk⊥ = −i ωfδXk⊥ . This relation is a
direct expression of the Doppler effect associated to
the motion of the shock front relatively to down-
stream: the incoming wave indeed behaves as δψk,< ∼
exp [−iω<t+ ikx,<x+ ik⊥ · x⊥], so that on the shock
front where x = xf = βft, δψk,< [xf(t), t] ∝
exp [−iωft+ ik⊥ · x⊥].
Correspondingly, outgoing waves obey the relation
ωi − βfkx,i = ωf (46)
where i denotes the wave mode. Since ωi depends on
kx,i, while ky and kz remain unchanged in the scatter-
ing process, the above equation determines kx,i, hence
ωi for each mode. The various plane wave modes thus all
oscillate at the same frequency on the shock surface and
share the same wavenumber in the transverse directions;
however, due to their differing dispersion relations, they
exhibit different frequencies and x− wavenumbers in the
downstream plasma. Once kx,<, ky and kz have been
specified, all frequencies and x− wavenumbers are de-
termined uniquely.
Formally, the problem can be written in terms of a
linear response relating the amplitude of the incoming
wave to that of the outgoing waves and of the shock
corrugation. Concerning the latter, one can write
δX =
∫
d2k⊥dωf
(2pi)3
δXωf ,k⊥e
−iωf t+ik⊥·x⊥
=
∫
d2k⊥dkx,<
(2pi)3
e−iωf t+ik⊥·x⊥TX,kδψ<,k (47)
introducing the transfer function
TX,k ≡
∣∣∣∣ dωfdkx,<
∣∣∣∣ δXωf ,k⊥δψ<,k (48)
Regarding the variables describing the perturbations
of the downstream plasma, one must first decompose
them as a sum over the wave modes, i.e. over the eigen-
modes of the system of linearized MHD equations. This
is done through the matrix M, whose columns are the
eigenvectors of the linearized MHD equations, as de-
scribed in App. A. Recalling the notation introduced in
that appendix, δξ represents the set of 8 perturbation
variables (δn, δp, δβ, δB), while δψ represents the set of
8 wave modes of linearized MHD; one of these 8 modes is
an unphysical ghost mode carrying non-vanishing ∇ ·B,
which must be included for a formal closure of the sys-
tem, but which is not excited by the interaction of tur-
bulence with the shock front, once the shock crossing
conditions have been properly written.
For δξi ∈ {δn2, δp2, δβ2, δB2} (i = 1, . . . , 8), the
decomposition introduced in App. A takes the form
δξi =
∑
j
∫
dkx,jdkydkz
(2pi)3
e−iωjt+ikx,jx+ik⊥·x⊥Mij δψj,k
(49)
the sum over j running over the 8 modes. It is under-
stood here that the wave vectors and frequencies satisfy
the matching conditions discussed above. Furthermore,
one of the 8 modes is actually the incoming fast mag-
netosonic mode δψ<,k, with x− wavenumber kx,< and
frequency ωj = ω<. Defining the transfer functions,
8with the index j ranging over the wave modes
Tj,k ≡
∣∣∣∣ dkj,xdkx,<
∣∣∣∣ δψj,kδψ<,k (50)
with T<,k = 1 by definition, one can rewrite the above
as
δξi =
∫
d2k⊥dkx,<
(2pi)3
∑
j
e−iωjt+ik⊥·x⊥+ikx,jx
Mij Tj,kδψ<,k (51)
which provides a formal solution to the scattering prob-
lem once the transfer functions have been determined.
The system Eq. (27) can be written formally as
Sk⊥ · T
{
δXk⊥ , δξk⊥
}
= 0 (52)
where Sk⊥ is an 8 × 9 matrix and where the pertur-
bations δξk⊥ represent the 2d Fourier transform of δξ
in x⊥, as evaluated on the unperturbed shock surface
Φ(x, t) = 0. The matching conditions for the wave fre-
quencies and parallel wavenumbers guarantee that all
the wave modes and δXk⊥ share the same time and
transverse spatial dependence on this shock surface. Us-
ing the decomposition, on the unperturbed shock surface
δξi,k⊥ = e
−iωf t+ik⊥·x⊥
∑
j
Mijδψj,k (53)
one can bring the system (52) into an equivalent form:
Rk · T
{
δXωf ,k⊥ , δψ>,k
}
= R<,kδψ<,k (54)
where the index > indicates that the sum runs over the
outgoing modes only. Since MHD has 8 wave modes
(including one unphysical ghost mode, see App. A), and
since the column associated to the incoming mode has
been extracted out of Rk and sent into the r.h.s., the
matrix Rk is now 8 × 8 and the above linear problem
allows to solve for δXk⊥ and δψ>,k⊥ in terms of δψ<,k⊥ .
One can write an analytical solution of the above sys-
tem, but given the large rank of the matrix, its inverse
cannot be written in a compact way. For these reasons,
we provide in the following direct estimates of the solu-
tions for various cases of interest.
3.1. Results
In Fig. 4, we show a contour plot of the transfer func-
tions for the various modes, in the plane (kx,<, ky), for
σ1 = 0.1 and γ1 = 10
4 (representative of the ultra-
relativistic limit γ1  1). In this figure, kz = 10−3;
units for wavenumbers are arbitrary, as the problem of
corrugation of a planar shock front does not possess an
intrinsic scale. For the two slow magnetosonic and for
the two Alfve´n modes, the transfer functions have been
respectively added together.
Figure 4. Contour plots of the transfer functions for σ1 =
0.1, γ1 = 10
4 (ultra-relativistic limit) in the 2D-plane
(kx, ky); kz = 10
−3 everywhere here. The symbols are as
follows: TX,k represents the response of the shock corruga-
tion amplitude, and indices E, A, S and F respectively refer
to the entropy mode, the two Alfve´n modes (sum of the two
responses), the two slow magnetosonic modes (also summed)
and the reflected fast magnetosonic mode.
Figure 5 presents a contour plot equivalent to that
shown in Fig. 4, but for perturbations along the mag-
netic field; i.e., ky = 10
−3 and the contour is shown in
the (kx,<, kz) plane.
9Figure 5. Contour plots of the transfer functions for σ1 =
0.1, γ1 = 10
4 (ultra-relativistic limit) in the 2D-plane
(kx, kz); ky = 10
−3 everywhere here.
A general trend observed in these figures and in a
more systematic survey is that the incoming fast mag-
netosonic mode is converted in roughly similar propor-
tions in the various outgoing modes. At large values
of kx, in particular kx  ky, kz, the transfer function
for the shock corrugation amplitude scales as 1/kx, with
typically |TX,k| ∼ O(1)k−1x . This scaling appears as a
natural consequence of the scale invariance of the prob-
lem at hand – there being no natural length scale associ-
ated to the physics of a planar infinite shock front in the
MHD limit – once one recalls that |TX,k| carries the di-
mensions of a length scale, because δX is a length scale
while δψ< is dimensionless. The prefactor is typically of
order unity, although it depends somewhat on the na-
ture of the incoming wave and on the magnetization of
the upstream plasma.
4. TRANSMISSION OF UPSTREAM
TURBULENCE
This Section discusses the transmission of upstream
turbulence through the shock. For the sake of simplic-
ity, this discussion is restricted to the transmission of
entropy and Alfve´n waves, for which the Riemann in-
variants of the linearized MHD system of a streaming
plasma can be written in a compact way. In princi-
ple, the problem can be generalized directly to include
the transmission of upstream magnetonic waves. How-
ever, the analysis is here carried out in the rest frame
of the downstream plasma, with respect to which the
upstream plasma is drifting at relativistic speeds. In
this case, the Riemann invariants associated to magne-
tosonic wave modes take quite complicated expressions,
making the algebra cumbersome. The following there-
fore focuses on entropy and Alfve´n waves; a numerical
example of the impact of incoming fast magnetosonic
waves will nevertheless be provided in Fig. 9.
The procedure follows that of Sec. 3. One first de-
composes the drifting upstream turbulence in its eigen-
modes in Fourier space. The entropy mode is charac-
terized by δn1 = n1δψE1 and all other perturbations
δβ1 = δB1 = 0 (note that δp1 is no longer a pertur-
bation variable since the upstream plasma is considered
cold). In the rest frame of the upstream plasma, the
eigenfrequency is ωE1|u = 0, so that in the downstream
frame: ωE1 = β1kx.
In terms of the perturbation amplitude δψA1, the
Alfve´n modes are characterized by:
δn1 = δβ1z = 0,
δβ1x =
1
γ21
δψA1
δβ1y =
β1ωA1 − kx
ky
δψA1
δB1x = − kz
γ21 (ωA1 − β1kx)
δψA1
δB1y = −kz (β1ωA1 − kx)
ky (ωA1 − β1kx)δψA1
δB1z = β1δψA1 (55)
with frequency: ωA1 = β1kx ± βA1kz/γ21 . It is easy
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to verify that one recovers the corresponding eigenmode
for a plasma at rest, Eq. (A7), in the limit β1 → 0,
γ1 → 1.
The frequency of the corrugation amplitude δXk⊥ is
determined by the matching:
ωf = ω1 − βfkx (56)
with ω1 = ωE1 or ωA1 depending on the source of
the perturbations entering the shock. The corrugations
induced on the shock are then converted into down-
stream outgoing perturbations. The frequency ωi and
wavenumbers kx,i of these modes are determined as pre-
viously in terms of ωf , of course.
There are now six outgoing modes: 1 entropy, 2
Alfve´n, 2 slow magnetosonic and 1 fast magnetosonic
mode. That only one fast magnetosonic mode is excited
is a non-trivial result by itself, which deserves some dis-
cussion. At a given value of ωf – equivalently, at a given
value of the x− component kx of the incoming perturba-
tion – one can find the values of kx,i of the magnetosonic
waves which satisfy the frequency matching condition
Eq. (46) by solving the equation:(
ωf + βfkx,i
)4− (β2FMk2 + β2Ac2sk2z) (ωf + βfkx,i)2 +
β2Ac
2
sk
2k2z = 0 (57)
which is nothing else but the dispersion relation of
magnetosonic waves, with the frequency replaced by
ωf +βfkx,i; it is understood here that k
2 = k2x,i+k
2
y+k
2
z .
This quartic equation has at most four real solutions,
then corresponding to two fast and two slow magne-
tosonic waves. One finds that there exists a critical value
of the incoming kx (for kx > 0), below which the above
equation has two real solutions and a pair of complex
conjugate solutions, and above which the equation has
four real solutions. At the critical value of kx, written
kx,c in the following, the group velocity of the down-
stream fast magnetosonic wave is very close or equal to
the shock velocity, βg,FM,x ' βf . For kx > kx,c, one
of the fast magnetosonic waves has a group velocity in
excess of βf , while the other has a group velocity smaller
than βf . Therefore, in this case, only one fast magne-
tosonic wave (the slower) can be excited by the corru-
gation. For kx < kx,c, one of the complex solutions
has a positive imaginary part, which corresponds to an
unphysical solution with unbounded amplitude towards
far downstream (x → −∞). In this case, we thus set
this wave to zero, and retain only the wave with nega-
tive imaginary part of kx,i, which physically describes a
mode localized on the shock front.
Formally, the problem is then written as in the previ-
ous Section, see Eq. (54), except that the source of cor-
rugation is no longer the downstream fast magnetosonic
mode, but rather the incoming upstream perturbation,
as indicated by the r.h.s. of Eq. (27):
Rk · T
{
δXωf ,k⊥ , δψ>,k
}
= R1,kδψ1,k (58)
with R1,k determined by Eq. (28) and the decomposi-
tion of the perturbations δn1,k⊥ etc. in terms of δψ1,k,
for each of the two cases studied here, δψ1,k = δψE1,k
or δψA1,k.
One can then define the transfer functions
TX,k ≡
∣∣∣∣ dωfdkx,<
∣∣∣∣ δXωf ,k⊥δψ1,k (59)
and
Tj,k ≡
∣∣∣∣ dkj,xdkx,<
∣∣∣∣ δψj,kδψ1,k (60)
as before, now expressed relatively to the incoming up-
stream perturbation.
If perturbations are sourced by upstream fluctuations,
one finds that there exist values of (kx, ky, kz) for which
DetRk = 0, which correspond to a resonant response
of the shock corrugation to the incoming perturbation,
with formally infinite corrugation amplitude. This re-
sult stands in contrast with the case studied in the pre-
vious Section, for which one could not find values of
(kx, ky, kz) which lead to a vanishing determinant; the
difference lies of course in the relationship which ties ωf
to kx,<, and which differs between those two cases.
4.1. Non-resonant response
As in Sec. 3, we show here the transfer functions for
the response to the excitation by incoming entropy and
Alfve´n modes. Given the large dimensionality of the
parameter space, we restrict these plots to the region in
which ky = kz, to σ1 = 0.1 and to the ultra-relativistic
limit γ1  1 (for practical matters, γ1 = 104 here).
The transmission of entropy modes is shown in Fig. 6,
while the transmission of Alfve´n modes is shown in
Fig. 7.
These curves reveal a ridge along which the amplifi-
cation takes large values; this resonant response is ana-
lyzed in greater detail in the following Sec. 4.2. In other
parts of parameter space, the response of the shock front
to the incoming perturbation is of order unity, meaning
|kδXk| ∼ O(1) δψ1, leading to the non-linear regime of
corrugation if the incoming amplitude is of order unity.
4.2. Resonant response
As discussed above, at certain locations of k, the de-
terminant of the response matrix of the shock corruga-
tion and outgoing wave amplitudes takes small or even
vanishing values, leading to a large amplification of the
incoming perturbation in the present linear approxima-
tion. For all cases surveyed, it was found that, for a
given pair (ky, kz), there is at most one resonant value,
written kx,r with kx,r ' kx,c to very good accuracy. The
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Figure 6. Contour plots of the transfer functions for σ1 =
0.1, γ1 = 10
4 (ultra-relativistic limit) in the 2D-plane
(kx, ky) with kz = ky everywhere here, for an incoming
entropy mode
latter remark motivates the following interpretation: as
kx → kx,c, the outgoing fast magnetosonic wave rides
along with the shock front, because its group velocity
matches βf ; therefore, the large corrugation and conse-
quent amplification of downstream modes follow from
the build-up of the fast magnetosonic mode energy on
the shock.
Figure 7. Contour plots of the transfer functions for σ1 =
0.1, γ1 = 10
4 (ultra-relativistic limit) in the 2D-plane
(kx, ky) with kz = ky everywhere here, for an incoming
Alfve´n wave.
On a root of DetRk, all downstream perturbations di-
verge. In order to illustrate the effect of such a resonant
response, we plot in Fig. 7 the δBz perturbation, as-
suming an incoming perturbation δψA1,k = 0.1 (hence
|δBz,1,k⊥ | ' 0.1). Here, kx ' 0.3308 (−0.01 % away
from the actual root), ky = 0.001, kz = 1., σ1 = 0.1
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Figure 8. Snapshot contour plot of the perturbation δBz
in configuration space, in the (x, y) plane. The shock front
lies at x = 13. An Alfve´n perturbation with amplitude
δψA1,k = 0.1 enters the shock from upstream (x > 13)
and seeds corrugation; the amplitude of the outgoing mode
reaches here |δBz,k⊥ | ∼ 9. Parameters are: σ1 = 0.1,
γ1 = 10
4, kx = 0.33, ky = 0.001, kz = 1.
and γ1 = 10
4. The contours are spaced logarithmi-
cally; note the amplification by a factor & 80 of the
downstream perturbation. For these values, one finds
a corrugation amplitude |δXk⊥ | ∼ 150, well into the
non-linear regime; Fig. 8 should thus be considered as
an illustration, in the framework of the linear approxi-
mation.
Our study of parameter space reveals that the re-
sponse at kx → kx,r dominates over that at other
wavenumbers. In order to illustrate this point, we show
in Fig. 9 the modulus squared of the transfer function
for the corrugation amplitude as a function of kx, for
several cases. This quantity relates the power spectrum
of corrugation to the power spectrum of the incoming
turbulence, through
PδX,k = |TX,k|2 P1,k (61)
with 〈
δX2
〉
=
∫
d3k
(2pi)3
PδX,k (62)
and similarly for the incoming wave in terms of
〈
δψ21
〉
.
Figure 9 assumes an Alfve´n wave in the incoming state.
The resonant behavior at kx,r is clear in the above fig-
ure. At larger values of kx, in particular kx  ky, kz,
one recovers the scaling |TX,k| ∼ O(1)k−1x observed in
Sec. 3.
Figure 9 also reveals that the magnitude of the am-
plification at the resonant value of kx depends on the
parameters, in particular ky, kz and σ1. One typically
observes that for ky & kz or σ1 & 0.3, the determinant
does not vanish at kx → kx,r but takes a minimum
value, nevertheless leading to large but finite amplifi-
cation of the incoming wave, while at ky  kz and
σ1 . 0.3, actual roots of DetRk = 0 exist, with cor-
respondingly infinite amplification.
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-3
, kz=0.3 HEL
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Σ1=1, ky=0.7, kz=0.7 HFL
10-2 10-1 100 101 102
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ÈT
X
,
k
2
Figure 9. Slice of the transfer function for various waves as
indicated, γ1 = 10
4 (ultra-relativistic limit) as a function of
kx; (A) refers to Alfve´n waves, (E) to entropy waves and (F)
to fast magnetosonic waves.
For the latter case, a careful study of the transfer func-
tion in the vicinity of the root, kx = kx,r(1 + ), reveals
that
|TX,k| ∝ 1|| (63)
which indicates that the power spectrum of corruga-
tion diverges as 1/2 at the resonance. The present lin-
ear theory thus strongly suggests that these resonances
should dominate the response of the shock to the incom-
ing turbulence. One should nevertheless recall that this
analysis assumes a stationary upstream turbulence, and
that in the presence of modes with finite damping co-
efficients, the influence of the above narrow resonances
might be diminished. We defer to a future work a de-
tailed study of these resonances and their consequences
for the phenomenology of astrophysical shock waves.
5. CONCLUSIONS
This paper has provided a general analysis of the cor-
rugation of relativistic magnetized (fast) shock waves in-
duced by the interaction of the shock front with moving
disturbances. Two cases have been analyzed, depend-
ing on the nature of these disturbances: whether they
are fast magnetosonic waves originating from the down-
stream side of the shock front, outrunning the shock, or
whether they are eigenmodes of the upstream plasma.
Working to first order in the perturbations of the
flows, on both sides of the shock front, as in the am-
plitude of corrugation δX of the shock front, we have
provided transfer functions relating the amplitude of the
outgoing wave modes to the amplitude of the incoming
wave, thus developing a linear response theory for the
corrugation. We have then provided estimates of these
transfer functions for different cases of interest.
One noteworthy result is that the front generically
responds with |∂δX| ∼ O(1)δψ<, where δψ< repre-
sents the amplitude of the incoming wave, the partial
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derivative being taken along t, y or z. The corruga-
tion remains linear as long as |∂δX|  1, therefore the
present analysis is restricted to small amplitude incom-
ing waves. Interestingly, however, the extrapolation of
the present results indicates that non-linear corrugation
can be achieved in realistic situations.
In this respect, we have obtained an original solu-
tion for the equations of shock crossing, in the non-
perturbative regime; this solution allows to calculate the
amplitude of fluctuations in density, pressure, velocity
and magnetic field components at all locations (and all
times) on a shock surface which is arbitrarily rippled
in the y− direction, but smooth along the background
magnetic field.
Furthermore, when corrugation is induced by up-
stream wave modes, we find that there exist resonant
wavenumbers k where the linear response becomes large
or even formally infinite, leading to large or formally
infinite amplification of the incoming wave amplitude
and of the shock corrugation. For a given pair (ky, kz),
there exists one such resonance in kx for the incoming
mode, corresponding to the value at which the outgo-
ing fast magnetosonic mode moves as fast as the shock
front. The physics of shock waves interacting with tur-
bulence containing such resonant wavenumbers should
be examined with dedicated numerical simulations able
to probe the deep non-linear regime, as the structure of
the turbulence produced by the corrugation may have
profound consequences for our understanding of astro-
physical magnetized relativistic shock waves and their
phenomenology.
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insightful discussions and advice. This work has been fi-
nancially supported by the Programme National Hautes
E´nergies (PNHE) of the C.N.R.S. and by the ANR-14-
CE33-0019 MACH project.
APPENDIX
A. WAVE MODES IN RELATIVISTIC MHD
The dynamics of the plasma is governed by the MHD equations:
∂µ (nu
µ) = 0 (A1)
∂µT
µν = 0 (A2)
∂µ
?Fµν = 0 (A3)
∂µ F
µν = 4pijν (A4)
The various quantities entering these equations are defined in Sec. 2.1.
The wave modes of an unbounded plasma can be obtained as usual by linearizing these equations around an un-
perturbed state characterized by uniform energy density, pressure and density, and regular magnetic field, assumed
oriented along z: B = Bzz. The sound and (relativistic) Alfve´n velocities are defined according to:
c2s = γˆ
p
w
, β2A =
B
2
4piW
(A5)
and γˆ is the polytropic index.
As is well-known, the linearized equations and their solutions are characterized, in Fourier space, by 8 perturbation
variables δξk = (δnk, δpk, δβk, δBk). These perturbations define 8 modes: one entropy mode (indexed E), two Alfve´n
modes (indexed A), two slow magnetosonic modes (indexed SM), two fast magnetosonic modes (indexed FM), and one
non-physical ghost mode carrying non-vanishing ∇ ·B (not discussed in the following). The corresponding frequencies
of these various modes are:
ωE = 0,
ωA = ±βAkz,
ωSM = ± 1√
2
{
β2FMk
2 + β2Ac
2
sk
2
z −
[(
β2FMk
2 + β2Ac
2
sk
2
z
)2 − 4β2Ac2sk2zk2]1/2}1/2,
ωFM = ± 1√
2
{
β2FMk
2 + β2Ac
2
sk
2
z +
[(
β2FMk
2 + β2Ac
2
sk
2
z
)2 − 4β2Ac2sk2zk2]1/2}1/2
(A6)
which take the same functional form as in non-relativistic MHD. The velocity βFM is defined by: βFM ≡(
β2A + c
2
s − β2Ac2s
)1/2
. For convenience, we also define c+ ≡
(
β2A + c
2
s
)1/2
.
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Fast magnetosonic waves thus propagate at a phase velocity |ωFM/k|, which ranges from max (βA, cs) at kx = ky = 0
to βFM at kz = 0. Slow magnetosonic waves propagate at a phase velocity |ωSM/k|, which ranges from 0 at kz = 0
to min (βA, cs) at k⊥ = 0. For further details, see Goedbloed et al. (2010) or Keppens & Meliani (2008).
The various MHD modes can be decomposed over the perturbation variables as follows:
δξE,k = {n, 0, 0, 0, 0, 0, 0, 0} δψE,k
δξA,k =
{
0, 0,
kyωA
kxkz
,−ωA
kz
, 0,−ky
kx
Bz, Bz, 0
}
δψA,k
δξM,k =
{
ω2M − β2Ak2
c2s (1− β2A)
(
k2x + k
2
y
)n, ω2M − β2Ak2
k2x + k
2
y
W,
ωMkx
k2x + k
2
y
,
ωMky
k2x + k
2
y
,
c2sωMkz
ω2M − c2sk2z
,− kxkz
k2x + k
2
y
Bz,− kykz
k2x + k
2
y
Bz, Bz
}
δψM,k
(A7)
where the subscript M indicates that this applies separately for all four magnetosonic modes with corresponding fre-
quency ωM. For completeness, one should include the ghost mode with δξG,k = {0, 0, 0, 0, 0, kxBz, kyBz, kzBz} δψG,k
and frequency ωG = 0.
Given a set of modes, each possibly carrying a dif-
ferent ωi and kx,i (but assuming that they all share a
same (ky, kz) as in Sec. 3), one can use the above de-
composition to relate the set of perturbation variables
in configuration space to the 8 characteristics of the lin-
earized MHD system:
δξi =
∑
j
∫
dkx,jdkydkz
(2pi)3
e−iωjt+ikx,jx+ik⊥·x⊥Mijδψj
(A8)
introducing the 8 × 8 matrix M, whose columns are
given by the 8 brackets of the r.h.s. of Eq. (A7) including
the ghost mode, with possibly different wavenumbers kx
in each separate mode.
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